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With A Redundant Repairable S y s t e m  - 
Case 1 0 1  FROM: G .  R .  Andersen 

TM-6 8-1 O 33- 1 

TECHNICAL MEMORANDUM 

INTRODUCTION 

We w i l l  c o n s i d e r  a s y s t e m  composed o f  N computers 
t o g e t h e r  w i t h  one repair  crew a s s i g n e d  to each computer. It 
i s  supposed that  a l l  N computers are i n  o p e r a t i o n  a t  t i m e  
t = 0 and t h a t  t h e  f a i l u r e  times of t h e  N computers are inde-  
pendent ,  each  d i s t r i b u t e d  accord ing  to an  e x p o n e n t i a l  l a w  w i t h  
mean 1/X, X > 0. If a computer f a i l s  i t  i s  t r a n s f e r r e d  to a 
s ta te  of  repair .  It  i s  assumed t h a t  t h e  r e p a i r  times of  t h e  
N computers are independent  and t h a t  each  i s  e x p o n e n t i a l l y  
d i s t r i b u t e d  w i t h  mean l / p ,  p > 0 .  When a f a i l e d  computer i s  
repaired i t  i s  r e t u r n e d  t o  t he  o p e r a t i o n a l  s t a t e .  The de tec -  
t i o n  of any change i n  state ( o p e r a t i o n a l  o r  n o n o p e r a t i o n a l )  i s  
assumed p e r f e c t  and t h e  swi t ch ing  between t h e s e  s ta tes  i s  
assumed t o  b e  i n s t a n t a n e o u s .  

We w i l l  s a y  t h a t  t h i s  system i s  i n  t h e  s t a t e  i a t  t i m e  

I f  w e  suppose that  each  of  t h e  N computers performs 
t ,  i f  e x a c t l y  i computers are i n  o p e r a t i o n  a t  t ime t, ( i = O ,  1, ..., N ) .  
t h e  same task ,  a system f a i l u r e  occur s  ( f o r  t h e  f i rs t  t i m e )  a t  
t h e  f i r s t  i n s t a n t  i n  which t h e  system i s  i n  t h e  s t a t e  zero .  
S i n c e  w e  do n o t  suppose t ha t  t h e  ze ro  s ta te  i s  absorbing,% t h e  
sys tem r e t u r n s  t o  t h e  s t a t e  1 a f t e r  a random w a i t i n g  t i m e * *  and 
t h e n  con t inues  i t s  random e v o l u t i o n  i n  t i m e  as i f  it has s t a r t ed  
from t h e  s t a t e  i = 1 a t  t ime ze ro .  

Thus, if q ( t )  denotes  t h e  s t a t e  o f  t h e  s y s t e m  a t  t i m e  
t ,  i t  i s  t h e  o b j e c t  of t h i s  memorandum to determine t h e  prob- 
a b i l i t y  d i s t r i b u t i o n  o f  q ( t )  f o r  each  t > 0 t o g e t h e r  w i t h  t h e  
t r a n s i t i o n  p r o b a b i l i t i e s  of  t h e  p r o c e s s .  These are g i v e n  i n  
s e c t i o n  2 a long  w i t h  t h e  asymptot ic  ( s t a t i o n a r y )  d i s t r i b u t i o n  
o f  t h e  s t a t e s  o f  t h e  sys tem.  

T h i s  asymptot ic  d i s t r i b u t i o n  was used by J .  J .  Rocchio 
C41 as p a r t  o f  an  e x t e n s i v e  r e l i a b i l i t y  s t u d y  concerning t h e  
above d e s c r i b e d  system. 

*This case  was t r e a t e d  b y  I. D.  Nehama [3]. 

**The w a i t i n g  t i m e  i s  e x p o n e n t i a l  w i t h  parameter  1 / N p .  
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The remainder  of t h e  memorandum i s  e i t h e r  d i r e c t l y  o r  

Some e x p l i c i t  formulas  are g i v e n  f o r  t h e  Laplace 

i n d i r e c t l y  concerned’wi th  f i n d i n g  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  
o f  t h e  f i rs t  passage  o f  t h e  s y s t e m  from the  s t a t e  N t o  t h e  s t a t e  
i (i < N ) .  
t r a n s f o r m  of t h e  f irst  passage from N t o  z e r o  s t a t e  and from N 
t o  t h e  s t a t e  3. 

After t h i s  memo was w r i t t e n ,  t h e  r e s u l t s  of  S .  K a r l i n  
and J. L. McGregor were found i n  t h e  book by R. E. Barlow and 
E. Proschan C51. 
r e p r e s e n t a t i o n  of t h e  t r a n s i t i o n  p r o b a b i l i t i e s  of b i r th -dea th  
p r o c e s s e s  which i n v o l v e  a sequence o f  polynomials  and a p o s i t i v e  
r e g u l a r  measure on ( 0 ,  -1. I n  t h e  problem under  c o n s i d e r a t i o n  
here the polynomials  are t h e  Krawtchouk polynomials ;  t he  measure 
i s  induced  by t h e  b inomia l  d i s t r i b u t i o n  and t h e  r e s u l t s  correspond 
e x a c t l y  t o  t h o s e  g i v e n  i n  s e c t i o n  2 ( e q u a t i o n s  (2 .7)  and ( 2 . 9 ) )  
of t h i s  memo [5;  p .  1451. The methods a re ,  however, e n t i r e l y  
d i f f e r e n t - - t h e  main t o o l  used here be ing  the  well-known prob- 
a b i l i t y  g e n e r a t i n g  f u n c t i o n .  

K a r l i n  and McGregor [S I  g i v e  an  i n t e g r a l  

1. The T r a n s i t i o n  P r o b a b i l i t i e s  

L e t  P (t) denote  t h e  p r o b a b i l i t y  t h a t  t h e  s y s t e m  passes 
i j  

from t h e  s t a t e  i t o  t h e  s t a t e  j du r ing  a t ime i n t e r v a l  of  l e n g t h  
t; t ha t  i s ,  

Then t h e  system desc r ibed  i n  t h e  i n t r o d u c t i o n  i m p l i e s  
t h a t  

( h )  = ( N - i ) p h + O : h ) ,  i = O , l ,  , N - 1  pii+l 

pii-l ( h )  = i h h  + o ( h ) ,  i = 1 , 2  ,..., N I 
P i j ( h )  = o ( h )  i f  j 1-1, o r  i, o r  i+l, as h -f 0 and I 

*The s t a t i o n a r i t y  o f  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  i s  a 
consequence of t he  f a c t  t h a t  t he  f a i l u r e s  and r e p a i r  d i s t r i b u t i o n  
are e x p o n e n t i a l .  
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For completeness ,  w e  se t  

( h )  = 0 f o r  a l l  h 2 0. 0 ,-1 ( h )  = 0 and P ' N , N + ~  

The s t o c h a s t i c  p rocess  I n ( t ) :  t > O )  i s  t h e r e f o r e  a 
f i n i t e  b i r th-dea th  p r o c e s s  with r e f l e c t i n g  bar r ie rs  a t  t h e  
s ta tes  0 and N and d e n s i t y  dependent b i r t h  and dea th  ra tes .  
It i s  a p a r t i c u l a r  ca se  o f  a cont inuous  t i m e  parameter ;  f i n i t e  
s t a t e  Markov p r o c e s s  w i t h  s t a t i o n a r y  t r a n s i t i o n  p r o b a b i l i t i e s  
and, as such ,  most o f  t h e  b a s i c  mathemat ica l  f a c t s  concern ing  
t h i s  p rocess  can b e  found i n  t h e  book o f  Kai L a i  Chung [l]. 

p r o b a b i l i t i e s  g i v e n  i n  (1.2), i t  I s  w e l l  known t h a t ,  f o r  each 
i ( i = O , l ,  ..., N ) ,  one can o b t a i n  t h e  fo l lowing  set  o f  N + 1  
d i f f e r e n t i a l  e q u a t i o n s :  

Using t h e  system o f  i n f i n i t e s i m a l  t r a n s i t i o n  

f o r  K = 1 , 2  ,..., N - 1 ;  t > O  . 

The s o l u t i o n  of (1.31, f o r  each i = O , 1 ,  ..., N ,  i s  
o b t a i n e d  i n  s e c t i o n  2 u s i n g  P A b a s i c  assumption 
s ta ted  i n  t h e  i n t r o d u c t i o n  r e q u i r e d  t h a t  a l l  N computers were 
i n  o p e r a t i o n  a t  t h e  t i m e  t = O .  
i s  g i v e n  by 

( 0 )  = 6 i j .  

Hence, t h e  d i s t r i b u t i o n  o f  q ( t )  

I S  

2. The S o l u t i o n  of (1 .3 )  Using P r o b a b i l i t y  Genera t ing  Func t ions  

F o r  each  i, i = O , l ,  ..., N l e t  Mi b e  t h e  p r o b a b i l i t y  
g e n e r a t i n g  f u n c t i o n  of  { P i K ( t > :  K = O , l , .  .. ,Nl. Then 
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By d i f f e r e n t i a t i n g  Mi w i t h  r e s p e c t  t o  t and us ing  
(1 .3 )  w e  o b t a i n  t h e  fo l lowing  p a r t i a l  d i f f e r e n t i a l  equa t ion :  

s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n s  

( 2 . 3 )  M i ( S , O )  = S i 

f o r  each i, i=O,1, ..., N .  

For  each i, t h e  s o l u t i o n *  i s  g iven  by 

where 

and 

(2 .6 )  

*The d e r i v a t i o n  i s  given i n  Appendix I. 
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It follows. immediately t ha t  PiK( t )  i s  t h e  c o e f f i c i e n t  
of SK i n  e q u a t i o n  ( 2 . 4 ) .  
l e t  US n o t e - t h a t  when i = N ,  the  r igh t -hand s ide  of (2 .4 )  i s  j u s t  

Before w e  w r i t e  dowr, t he  g e n e r a l  r e s u l t ,  

f &t)  qN-K 0 ( t )  SK . 
K=O 

Hence, from (1.4) w e  o b t a i n  t h e  d i s t r i b u t i o n  n(t): 

K=O, 1 ,..., N. 
There fo re ,  the  d i s t r i b u t i o n  of n ( t )  i s  b inomia l  w i t h  

parameters N and p o ( t )  f o r  each f i x e d  t > O .  

p r o c e s s  n ( t )  i s  n o n s t a t i o n a r y ;  however, p a s s i n g  t o  t h e  l i m i t  i n  
(2 .7 )  w e  f i n d  t ha t  

I t  i s  c l e a r  t h a t  t h e  

where 

(2 .8)  

The f i n i t e  sequence {po,  pl, . . . , pN)  t h e n  r e p r e s e n t s  
t h e  s t a t i o n a r y  asymptot ic  d i s t r i b u t i o n  of t h e  s y s t e m  referred 
t o  i n  t he  i n t r o d u c t i o n .  
w i l l  be made c l e a r  i n  t h e  next s e c t i o n .  

The s i g n i f i c a n c e  of  t h e  numbers pk 
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Returning . t o  equa t ion  ( 2 . 4 )  w e  e a s i l y  f i n d  t ha t  

k 

where, as u s u a l ,  t h e  binomial  c o e f f i c i e n t s  are s e t  e q u a l  t o  
z e r o  when t h e  lower f a c t o r  i s  less t h a n  ze ro  o r  greater  t h a n  
t h e  upper  f a c t o r .  

The complete p r o b a b i l i s t i c  s t r u c t u r e  of t h e  p r o c e s s  
Q(t), t > 0 ,  i s  now known, i n  t h a t  t h e  j o i n t  d i s t r i b u t i o n ,  

P ' { r ) ( t l )  = il, ..., dt r )>  = iJ , 

can be c a l c u l a t e d  e x p l i c i t l y  f o r  any t i m e  p o i n t s  t l<t2< ... <t 
and s ta tes  il, ..., i ( ~ = 1 , 2 ,  ... ) by us ing  equa t ions  (2.71,  
( 2.9 1 and %he Markovian p r o p e r t y .  

11 

r) 

3. A Related P rocess  

L e t  C k ( t )  be t h e  s t o c h a s t i c  p r o c e s s  ob ta ined  from 
n ( t )  by s e t t i n g  

Then it i s  e a s i l y  shown tha t  t h e  i n t e g r a l  

e x i s t s  i n  t h e  q u a d r a t i c  mean and s o  d e f i n e s  ano the r  s t o c h a s t i c  
p r o c e s s  { Z k ( t ) :  t > 0 ) .  
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I n  an obvious sense ,  Z k ( t )  r e p r e s e n t s  the  l e n g t h  of  
t i m e  tha t  t h e  p r o c e s s  n ( t )  i s  i n  t h e  s ta te  k ,  i f  t he  system has 
o p e r a t i n g  f o r  T u n i t s  of t ime. That i s ,  f o r  a p a r t i c u l a r  
r e a l i z a t i o n  of  t h e  p rocess  o ( t ) ,  Zk(T) i s  t h e  sum of  t h e  l e n g t h s  
o f  t h o s e  s u b i n t e r v a l s  of ( 0 , T )  du r ing  which the  system i s  i n  t h e  
s ta te  k. 

Now, u s i n g  (3.21, it i s  c l e a r  t h a t  

(3.3) 

I n  f a c t ,  i t  c m  be showr? [31 tha t  Zk(T!/T converges 
s t o c h a s t i c a l l y  t o  be cons t an t  pk. 

mean l e n g t h  of  time* tha t  t h e  sys t em i s  i n  t h e  s t a t e  k, dur ing  
t h e  t i m e  i n t e r v a l  ( O , T ) ,  pk (k=O,l, ..., N) should  be i n t e r p r e t e d  
as the  average mean l e n g t h  o f  t i m e  t h a t  t h e  s y s t e m  w i l l  spend 
i n  t h e  s t a t e  k ,  i f  t h e  system o p e r a t e s  f o r  a " long t i m e " .  

Thus, simce E Z k ( T )  i s  t h e  

It i s  conce ivable  t h e n  tha t  t h e  q u a n t i t y  EZk(T) /T  
migh t  b e  of  some use  i n  d e s c r i b i n g  t h e  a v a i l a b i l i t y  of t h e  
s y s t e m  f o r  r e l a t i v e l y  s h o r t  t i m e  p e r i o d s  of  l e n g t h  T.  For 
example, i f  k=O, t h e n  from equa t ions  ( 2 . 7 )  and (3.31, w e  
o b t a i n  

*The "mean l e n g t h  of t i m e "  does not  re fe r  t o  a t i m e  average .  
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(3 .5 )  

as the  average  ihean l e n g t h  o f  t ime t h a t  t h e  s y s t e m  w i l l  be 
i n o p e r a t i v e  d u r i n g  an  i n t e r v a l  o f  l e n g t h  T i f  t he  sys t em s t a r t s  
from t h e  s t a t e  N .  

f o r  small v a l u e s  of T ;  i n  f a c t ,  i t  i s  less  t h a n  q o ( T ) ,  t h e  
T h i s  q u a n t i t y  i s  c o n s i d e r a b l y  less  t h a n  po 

N 

p r o b a b i l i t y  of be ing  i n  t h e  z e r o  s t a t e  a t  t i m e  T and qo(T)  N < po .  

4. F i r s t  Passage T i m e s  

We now d e f i n e  a random v a r i a b l e  aNi; whose v a l u e  i s  
t h e  t i m e  o f  f i r s t  passage  from the  s t a t e  N t o  t h e  s t a t e  i. 
Tha t  i s ,  

L e t  FNi be the  d . f .  o f  t h i s  random v a r i a b l e .  
h e u r i s t i c  argument* leads t o  t h e  r e l a t i o n :  

Then a s imple  

where PNi and Pii a r e  g iven  by e q u a t i o n  ( 2 . 9 ) .  
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Hence, t a k i n g  t h e  Laplace t r ans fo rms  o f  b o t h  s ides  
o f  (4.21, us ing  t h e  convolu t ion  theorem and t h e  f a c t  t ha t  

e x i s t s ,  w e  o b t a i n  Fl;i 

( 4 . 3 )  

For  example, f o r  i = O  i t  i s  e a s i l y  seen*  t h a t  

( 4 . 4 )  L ( F i O ) ( s )  

where A = v + x . * *  

Formal i n v e r s i o n  of ( 4 . 4 )  y i e l d s  t h e  d e n s i t y  f u n c t i o n  
o f  the f i rs t  passage  t o  z e r o  from s t a t e  N .  Computa t iona l ly ,  t h i s  
s h o u l d  not be d i f f i c u l t  f o r  f i x e d  v a l u e s  of N ,  A and p .  But if 
there  i s  a c losed  form s o l u t i o n ,  I have no t  found i t .  

However, as i s  well-known, c e r t a i n  r e s u l t s  can be ob ta ined  
from the  Laplace  t r ans fo rm.  F o r  example, t h e  mean-time-to f a i l u r e  

from t h e  s t a t e  N t o  t h e  s t a t e  0 i s  j u s t  t h e  Laplace t r ans fo rm "NO 
o f  l-FNO e v a l u a t e d  a t  t h e  o r i g i n .  That  i s ,  s i n c e  

and 

*For t h e  proof  see Appendix 11. 

**This r e s u l t  i s  a l s o  conta ined  i n  C31 a l though  the  methods 
u s e d  are q u i t e  d i f f e r e n t .  
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w e  f i n d  tha t  

N (-PI N!+ 1 
k = l  

( k ) ( - ~ )  N N-k ( N - k ) ! A  k N ( N - 1 ) .  . . ( N - k + l )  

where A = P+X. 

An i n t e r e s t  has been expres sed  i n  t h e  d . f . ,  FN3, of  
t h e  f i rs t  passage  t i m e  from t h e  s t a t e  N t o  t he  s t a t e  3.* We 
can proceed  as b e f o r e  w i t h  i = 3 .  However, t h e  computat ions are 
very  much more involved  and would have t o  be c a r r i e d  o u t  i n  
s p e c i f i c  c a s e s .  I n  an e f f o r t  t o  minimize t h e s e  d i f f i c u l t i e s ,  
at  least  f o r  s m a l l  v a l u e s  of N ( e . g . ,  N=5) w e  i n t r o d u c e  the  
"f i rs t  e x i t  t i m e  from t h e  s t a t e  N":  

It i s  w e l l  known t h a t  p N  i s  e x p o n e n t i a l l y  d i s t r i b u t e d  
w i t h  mean 1 / N X .  It t h e n  f o l l o w s  ( c . f . ,  Chung [l]) t h a t  w e  can 
wr i t e  

rt 
(4 .8 )  

i s  just t h e  d . f .  o f  t h e  f i r s t  passage  RN 3 where, i n  ou r  c a s e ,  
t i m e  from the  s t a t e  N - 1  t o  the s t a t e  3 and so  sa t i s f ies  

(4 .9 )  - 
'N-1 3 - '33 * R N 3  

*This q u e s t i o n  was r a i s e d  by J .  J .  Rocchio and was mot iva ted  
by changes in t roduced  i n  t h e  b a s i c  model. 
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Hence, i n  terms o f  Laplace  t r ans fo rms  

where L ( R '  sa t isf ies  N 3  

Some computat ions were made w i t h  N = 5,  b u t  a r e  not  i nc luded  
here because o f  t h e  cumbersome n a t u r e  of  t h e  formula.  I f  there  
i s  any i n t e r e s t  i n  t h i s  formula,  i t  may be  ob ta ined  from t h e  
a u t h o r .  

1 0  33-GRA- j r 
,b. k ' k  

G .  R.  Andersen 

Attachments 
R e  f e r e n c e  s 
Appendices I - I1 
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APPENDIX I 

Consider  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  (2 .2 ) :  

where 

i (ii) M i ( s , O )  = s 

f o r  each i, i = O , l ,  ..., N ;  I s ]  < 1. 

The a u x i l i a r y  equa t ion  

y i e l d s  t h e  fo l lowing  two s o l u t i o n s :  

= cons tan t  - u s + x  e ( X + u t  
s-1 

and 

M ~ ( S , ~ ) ( ~ S + A ) - ~  = c o n s t a n t  . 

The g e n e r a l  s o l u t i o n  i s  t h e n  known t o  b e  o f  t h e  form 

1 M i ( S , t ) ( p s + h ) - N  = f(- u s + x  . ( X + l l ) t  
s-1 (iii) 

f o r  some f u n c t i o n  f .  
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Using (id.)  w e  see tha t  

i 
p s t x  S 
s-1 f(-) = 

(us+x>N 

T h i s  i s  e q u i v a l e n t  t o  e q u a t i o n  ( 2 * 4 ) .  
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APPENDIX I1 

From e q u a t i o n  ( 4 . 3 )  w e  have t h a t  

Using (2 .7 )  w e  have 

where A = p+A and B = A / ( v + A )  . 

Beta f u n c t i o n  w e  f i n d  t h a t  
S i n c e  t h e  r ight-hand s i d e  o f  t h e  l a s t  e q u a t i o n  i s  a 

( i i )  L(PN0)(S)  = - B N r ( E ) r ( N + l )  - - BN N! AN 
A r ( 3 N t 1 )  s(s+A) ... ( s + N A )  

S i m i l a r l y ,  from e q u a t i o n  ( 2 . 9 )  w i t h  i = O ,  k=O w e  o b t a i n  



c 
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It f o l l o w s  t h a t  

N 
N-k (N-k)! ...( s+(N-k)A) ( i i i  1 

k=O 

A s  an example,  we n o t e  t h a t  f o r  N = 2 

1 
e 2 sinhC2 1 ' p 2 + 6 p ~ + x  2 ' t l  

--(.;+A 1 t 4A2 
'U 2 + ~ A U + A  2 '  

F r j o ( t )  = 


